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Abstract. Over algebraically closed fields of characteristic p > 2, prolongations of the 
simple finite dimensional Lie algebras and Lie superalgebras with Cartan matrix are studied 
for certain simplest gradings of these algebras. Several new simple Lie superalgebras are 
discovered, serial and exceptional, including superBrown and superMelikyan superalgebras. 
Simple Lie superalgebras with Cartan matrix of rank 2 are classified. 



1. Introduction 

1.1. Setting. We use standard notations of [FHl B]: for ttie precise definition (algorithm) of 
generalized Cartan- Tanaka-Shcliepochkina (CTS) complete and partial prolongations, and 
algorithms of their construction, see [Shchj . Hereafter IK is an algebraically closed field 
of characteristic p > 2, unless specified. Let g' = [g,s], and c(g) = g © center, where 
dim center = 1. Let "'•'g denote the incarnation of the Lie (super) algebra g with the n)th 
Cartan matrix, cf. [GL4[ IBGLlj . On classification of simple vectorial Lie superalgebras 
with polynomial coefficients (in what follows referred to as vectorial Lie superalgebras of 
polynomial vector fields over C, see |LShl [K3] ). 



The works of S. Lie, Killing and E. Cartan, now classical, completed classification over C 

of 

(1) simple Lie algebras of finite dimension and of polynomial vector fields. 

Lie algebras and Lie superalgebras over fields in characteristic p > 0, a.k.a. modular Lie 
(super) algebras, were first recognized and defined in topology, in the 1930s. The simple 
Lie algebras drew attention (over finite fields K) as a step towards classification of simple 
finite groups, cf. [S^. Lie SM^^emlgebras, even simple ones and even over C or R, did not 
draw much attention of mathematicians until their (outstanding) usefulness was observed by 
physicists in the 1970s. Meanwhile mathematicians kept discovering new and new examples 



of simple modular Lie algebras until Kostrikin and Shafarevich ( [_KS] ) formulated a conjecture 
embracing all previously found examples for p > 7. Its generalization reads: select a Z-form 
Qz of every g of typ^\ ([2]), take gK := gz ®z IK and its simple finite dimensional subquotient 
si(gK) (there can be several such 5i(gK) )■ Together with deformation^\ of these examples 
we get in this way all simple finite dimensional Lie algebras over algebraically closed fields 
if p > 5. If p = 5, we should add to the above list Melikyan's examples. 
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Observe that the algebra of divided powers (the analog of the polynomial algebra for p > 0) and hence 
all prolongs (Lie algebras of vector fields) acquire one more — shearing — parameter: iV, see [5]. 

^)lt is not clear, actually, if the conventional notion of deformation can always be applied if p > (for 
the arguments, see jLL| : cf. [Vi]); to give the correct (better say, universal) notion is an open problem, but 
in some cases it is applicable, see |BGL4j . 
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Having built upon ca 30 years of work of several teams of researchers, and having added 
new ideas and lots of effort, Block, Wilson, Premet and Strade proved the generalized KSh 
conjecture for p > 3, see [S]. For p < 5, the above KSh-procedure does not produce all 
simple finite dimensional Lie algebras; there are other examples. In |GL4j . we returned to 
E. Cartan's description of Z-graded Lie algebras as CTS prolongs, i.e., as subalgebras of 
vectorial Lie algebras preserving certain distributions; we thus interpreted the "mysterious" 
at that moment exceptional examples of simple Lie algebras for p = 3 (the Brown, Frank, 
Ermolaev and Skryabin algebras), further elucidated Kuznetsov's interpretation |Kulj of 
Melikyan's algebras (as prolongs of the nonpositive part of the Lie algebra g(2) in one of 
its Z-gradings) and discovered three new series of simple Lie algebras. In |BjL] , the same 
approach yielded bj, a simple super versions of g(2), and ?Bj(l; A^|7), a simple p = 3 super 
Melikyan algebra. Both bj and Q3j(l; A^|7) are indigenous to p = 3, the case where 0(2) is 
not simple. 

1.2. Classification: Conjectures and results. Recently, Elduque considered super analogs 
of the exceptional simple Lie algebras; his method leads to a discovery of 10 new simple 
(presumably, exceptional) Lie superalgebras for p = 3. For a description of the Elduque 
superalgebras, see [CEl lElll ICE2t IE12] ; for their description in terms of Cartan matrices and 
analogs of Chevalley relations and notations we use in what follows, see [BGLlt IBGL2j . 

In [L], a super analog of the KSh conjecture embracing all types of simple (finite dimen- 
sional) Lie superalgebras is formulated based on an entirely different idea in which the CTS 
prolongs play the main role: 

For every simple finite dimensional Lie ( s u p e r ) a 1 g e b r a of the 
form q{A) , take its non-positive part with respect to a certain 
simplest Z-grading, consider its complete and partial prolongs 
and take their simple s u b q u o t i e n t s . 

The new examples of simple modular Lie superalgebras (53913, ^j(3;iV|3), ^j(3;iV|5)) 
support this conjecture. (This is how Cartan got all simple Z-graded Lie algebras of poly- 
nomial growth and finite depth — the Lie algebras of type ([T]) — at the time when the root 
technique was not discovered yet.) 



1.2.1. Yamaguchi's theorem (0). This theorem, reproduced in |GL4l BjL| , states that 



for almost all simple Gnite dimensional Lie algebras q over C and their Z-gradings g = Q) Qi 

-d<i 

of finite depth d, the CTS prolong of q< = © Qi is isomorphic to g, the rare exceptions 

-d<i<0 

being two of the four series of simple vectorial algebras (the other two series being partial 
prolongs) . 

1.2.2. Conjecture. In the following theorems, we present the results of SuperLie-assisted 
( |Gr] ) computations of the CTS-prolongs of the non-positive parts of the simple finite di- 
mensional Lie algebras and Lie superalgebras g(v4); we have only considered Z-grading cor- 
responding to each (or, for larger ranks, even certain selected) of the simplest gradings 
r = (ri, . . . , Trkg), where all but one coordinates of r are equal to and only one — selected 
— is equal to 1, and where we set degX^^ = ±rj for the Chevalley generators of g{A), 
see |B(iLl] . 

Other gradings (as well as algebras q{A) of higher ranks) do 
not yield new simple Lie ( s u p e r ) a 1 g e b r a s as prolongs of the non 
positive parts. 



New simple modular Lie superalgebras 
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1.3. Theorem. The CTS prolong of the nonpositive part of g returns g in the following 
cases: p = 3 and g = f(4), e(6), e(7) and e(8) considered with the Z-grading with one selected 
root corresponding to the endpoint of the Dynkin diagram. 

1.3.1. Conjecture. [The computer got stuck here, after weeks of computations] To the 
cases of Theorem ll.3[ one can add the case for p = 5 and g = e[(5) (see |BGL2] ) in its 
Z-grading with only one odd simple root and with one selected root corresponding to any 
endpoint of the Dynkin diagram. 

1.4. Theorem. Let p = 3. For the previously known (we found more, see Theorems \1.6\ 
\1. simple finite dimensional Lie superalgebras g of rank < 3 with Cartan matrix and for 
their simplest gradings r, the CTS prolongs (of the non-positive part of g) different from g 
are given in the following table elucidated below. 

1.5. Melikyan superalgebras for p = 3. There are known the two constructions of the 
Melikyan algebra mte(5; N) = ® mt{5; N)i, defined for p = 5: 

i>-2 

1) as the CTS prolong of the triple OJIcq = ct)ect(l;l), OJle_i = C(l;l)/const and the 
trivial module !He_2, see [S]; this construction would be a counterexample to our conjecture 
were there no alternative: 

2) as the complete CTS prolong of the non-negative part of g(2) in its grading r = (01), 
with g(2) obtained now as a partial prolong, see |Kull IGL4j . 

In |BjL| , we have singled out iV|7) as a p = 3 simple analog of 9Jle(5; N_) as a partial 
CTS prolongs of the pair (the negative part of 6(l;iV|7), 25j(l;iV|7)o = pg[(3)), and bj as a 
p = 3 simple analog of g(2) whose non-positive part is the same as that of ^j(l;iV|7), i.e., 
bj and 23j(l;iV|7) are analogs of the construction 2). 

The original Melikyan's construction 1) also has its super analog for p = 3 (only in the 
situation described in Theorem II. 6p and it yields a new series of simple Lie superalgebras as 
the complete prolongs, with another simple analog of g(2) as a partial prolong. 

Recall ( |BGL1] ) that we normalize the Cartan matrix A so that An = 1 or if the ith 
root is odd, whereas if the ith root is even, we set An = 2 or in which case we write 
instead of in order not to confuse with the case of odd roots. 

1.6. Theorem. A p = 3 analog of the construction 1) of the Melikyan algebra is given by 
setting go = c6(l;l|l), g_i = 0{1;1\1)/ const and g_2 being the trivial module. It yields a 
simple super Melikyan algebra that we denote by 0Jle(3; iV|3), non-isomorphic to a superMe- 
likyan algebra ^j(l;iV|7). 

The partial prolong of the non-positive part o/ 97le(3; iV|3) is a new (exceptional) simple 
Lie superalgebra that we denote by brj(2;3). This brj(2;3) has the three Cartan matrices: 

^2 and 2) ^ joined by an odd reflection, and ^ . It is a super 

analog of the Brown algebra br(2) = brj(2; 3)o, its even part. 

The CTS prolongs for the simplest gradings r of ^■'brj(2;3) returns known simple Lie 
superalgebras, whereas the CTS prolong for a simplest grading r o/ ^)brj(2; 3) returns, as a 
partial prolong, a new simple Lie superalgebra we denote ^913. 

Unlike br(2), the Lie superalgebra btj(2;3) has analogs for p ^ 3, e.g., for p = 5, we 
get a new simple Lie superalgebra brj(2;5) such that brj(2;5)o = sp(4) with the two Cartan 

matrices 1) (^^2 1^ and 2) (^^^ The CTS prolongs of btj{2; 5) for all its Cartan 

matrices and the simplest r return brj(2; 5). 
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Having got this far, it was impossible not to try to get classification of simple 0(A) 's. Here 
is its beginning part, see |BGL5] . 



1.7. Theorem. If p > 5, every finite dimensional simple Lie snpeialgebra with a 2 x 2 
Cartan matrix is isomorphic to osp(l|4), osp(3|2), or s[(l|2). If p = 5, we should add 
brj(2;5). Ifp = 3, we should add brj(2;3). 



Remark. For details of description of the new simple Lie superalgebras of types QSj and 
DJlt and their subalgebras, in particular, presentations of brj(2; 3) and brj(2; 5), and proof of 
Theorem 11.71 and its generalization for higher ranks, see |BGL4t [BGLSj . 



The new simple Lie superalgebras obtained are described in the next subsections. 






Cartan matrix 


r 


prolong 






' 


-1 




(10) 


t(l|3) 


osp(3|2) 




1-2 


2 




(01) 


e(l|3;l) 












' 


-1 




(10) 


osp(3|2) 






1-1 


1 




(01) 


e(l|3;l) 


5l(l|2) 




' 


-1 




(10) 


oect(0|2) 












I -1 


2 




(01) 


Dect(l|l) 






' 






(10) 


oect(l|l) 








'I 








I -1 






(01) 


osp(l|4) 




' 2 


-1 




(10) 


t(3|l) 












I -1 


1 




(01) 


osp(l|4) 






' 


-1 




(10) 


me{3;N\3) 


brj(2;3) 




1-2 


1 




(01) 


»rj(4|3) 




' 


-1 




(10) 


25rj(4;iV|3) 






1-1 







(01) 


Q5rj(3;iV|4) D «B«na 


brj(2;3) 




' 


-1 




(10) 


»rj(3;iV|3) 




I -1 


1 




(01) 


*Brj(3;iV|4) D "BmZ 






' 


-1 




(10) 


brj(2;5) 


brj(2;5) 




1-2 






(01) 


brj(2;5) 


















(10) 


brj(2;5) 






(-. 


:) 




(01) 


brj(2;5) 
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Cartan matrix 


r 


prolong 


sl(l|3) 




^ -1 ^ 
-1 2 -1 
VO -1 2 J 

f -1 ^ 

-1 -2 
VO -1 2 J 




(100) 
(010) 
(001) 
(100) 
(010) 
(001) 


oect(0|3) 
s[(l|3) 

Dect(2|l) 

oect(2|l) 
s[(l|3) 

oect(2|l) 


psl(2|2) 


any matrix 


(100) 
(010) 

(001) 


st)ect(l|2) 
psK2|2) 

iU)crt(ll2) 


05P(1|6) 




1 2 -1 ^ 
-1 2 -1 
VO -1 ly 




(100) 
(010) 
(001) 


e(5|i) 

osp(l|6) 
osp(l|6) 


osp(3|4) 




(2 -1 0^ 
-1 -1 

U ^2 2, 
/ -1 o\ 

-1 1 
Vo -11/ 

^ -1 ^ 

-1 2 -1 

VO -1 \) 


/ 


> 


(100) 
(010) 
(001) 

(100) 
(010) 
(001) 


Km 

osp(3|4) 
osp(3|4) 

osp(3|4) 


05p(5|2) 




/ 2 -1 0\ 

-10 1 
[o -1 l) 
/ -1 o\ 

-1 1 
i^O -2 2/ 
f -1 ^ 
-1 2 -1 
V -2 2 J 


> 


(100) 
(010) 
(001) 

(100) 1 
(010) J 
(001) 


osp(5|2) 

osp(5|2) 
e(l|5) 


osp(4 2; a) 
a generic 


1) 
/ 

2) 

V- 


(2-1 \ 

a —1 — a 
lo -1 2 j 
1 -l-( 

-1 -a 
-1 — a a 


/ 


(100) 
(010) 
(001) 


osp(4|2;Q!) 


osp(4 2; a) 
a = 0,-1 


1) The simple part of i)osp(4|2; a) is s[(2|2); 
for the CTS of psl(2|2), see above 

2) 2)osp(4|2;a)~B[(2|2); 

for the CTS of s[(2|2), see above 
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osp(2|4) 



0(2|3) 



Cartan matrix 



3) 



/o 

-1 

(o 

-1 

Vo 

-2 



-1 



1 
2 

-1 

1 


-1 
-2 


-1 



-2 

o\ 

2 

2/ 
l\ 
1 

2/ 



3) 



/o 



V- 



-2 
2/ 



(100) 
(010) 
(001) 



prolong 



'osp(2|4) 
fosp(2|4) ifp>3 
|'Bj(3;7V|3) Hp = 3 
.osp(2|4) 
-B(3|2) 
fosp(2|4) if39>3 
j<8j(3;iV|3) ifp = 3 
.osp(2|4) 

'osp(2|4) 
osp(2|4) 



<8j(2|4) 
«Bj(3|5) 



1.8. A description of ^j(3; A/"|3). For g = ^)o5p(2|4) and r 
following realization of the non-positive part: 
(2) 



(0, 1, 0), we have the 



Qi 


the generators (even | odd) 


0-2 


Ye = di 1 ^8 = ^4 


S-1 


¥2 = 82, ¥5= X2di + + 93, 1 ¥i = d^, ¥-1 = 2 X2d4 + 


00 - 

sl(l|l) ©s[(2) ©K 


¥z = X2'^di + X2X^d4^ + X2(93 + 2X5(96, Z-i = .Ta^^i + 2.X3.T6(?4 + .X3(?2 + 2X6<95 

if2 = 2 xi^i + 2 X2d2 + xidi + xg^g + 2 xg^e, i^i = [Zi,¥i],H^ = [Z3, Fa] I 
Yi = xi94 + 2 + xa^e, Zi = 2 X4(9i + 2 X5C?2 + xe^s 



The 00-module 0_i is irreducible, having one highest weight vector Y2. 

Let p = 3. The CTS prolong gives sdim(5i) = 4|4. The ^o-module 51 has the following 
two lowest weight vectors: 



vi 

VI' 



xiX2di + 2 xi^e + 2 X2^55 + x2x^dQ 

XiX2di + X1X534 + 2 X2X434 + Xi^a + X2^32 + 2 X2X555 + X2X656 + X3X536 + X436 



Since 01 generates the positive part of the CTS prolong, [0-i,0i] = 00) and [0-i,g-i] = 0-2, 
the standard criteria of simplicity ensures that the CTS prolong is simple. Since none of 
the Z-graded Lie superalgebras over C of polynomial growth and finite depth has grading 
of this form (with 0o ~ 5t(l|l) © si{2) © K), we conclude that this Lie superalgebra is new. 
We denote it by *Bj(3; iV|3), where is the shearing parameter of the even indeterminates. 
Our calculations show that A^2 = ^3 = 1 always. For iVi = 1, 2, the super dimensions of the 
positive components of 55j(3; A^|3) are given in the following tables: 



AT =(1,1,1) 


01 


02 


03 


04 


05 


06 








sdim 


4|4 


5|5 


4|4 


4|4 


2|2 


0|3 








AT = (2, 1,1) 


01 


02 


03 


04 


05 


06 




011 


012 


sdim 


4|4 


5|5 


4|4 


5|5 


4|4 


5|5 




2|2 


0|3 
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Let VI' and ¥(" be the lowest height vectors of Qi with respect to Qq. For = (1, 1, 1), 
these vectors are as follows: 





lowest weight vectors 


Vi 
Vi' 
Vi" 


xi'^Oa + 2x1X295 + xix^da + X2Xz^d(i 

xiX2^di + xiX2X'idi + xiX2d3 + 2 xix-^dg + X2^X'idz + 2 X2^x<^d<i + X2X^x^d(i 
xi^di + X2^x:i'^di + X2^X'id2 + 2x2^Xfid<:, + 2a;ia;292 + 2x1X393 + 2x1X4^4 

+X2X3^93 + X2X495 + 2 X3X496 + 2 X2^X3X6<94 + 2 X2X3X696 


Vi 
Vi' 


xi'^X2di + 2 xi^iSe + 2 xiX2^95 + 2:1X2X396 + 2:2^x3^96 

Xi^X29i + Xi^X594 + Xi^93 + X1X2X393 + 2X1X2X595 + X1X3X596 
+X2X3^X596 + X1X2X494 + 2 XiX2^92 + X1X2X393 + 2 X1X2X696 
+ 2 X1X496 + 2 X2^X3^93 + 2 X2^X3X696 + 2 X2^X495 + X2X3X496 


Vi 
Vi' 


Xi^X2^9i + Xi^X2X594 + Xi^X293 + 2 Xi^X596 + XiX2^X393 + 2 XiX2^X595 
+X1X2X3X596 + X2^X3^X596 

Xi^X494 + Xi^X595 + Xi^X696 + X2^X3^X696 + XiX2^X3^9i + XiX2^X392 + 2 XiX2^X695 
+ 2 XiX3^X596 + 2 XiX2X3^93 + 2 X1X2X495 + X1X3X496 + X2X3^X496 + 2 XiX2^X3X694 


Vi 


Xi^X2^92 + Xi^X496 + 2X1^X2X393 + 2X1^X2X494 + Xi^X2X696 + 2x2^X3^X496 
+XiX2^X3^93 + XiX2^X495 + XiX2^X3X696 + 2X1X2X3X496 


Vi 


Xi^X2^X49i + Xi^X2^X592 + 2 Xi^X2^X693 + Xi^X2X493 + 2 Xi^XiX^d^ 
+ 2X1^X2X3X593 + Xi^X2X4X594 + Xi^X2X5X696 + X2^X3^X4X596 

+XiX2^X3^X593 + XiX2^X3X493 + 2X1X2^X4X595 + XiX2^X3X5X696 + X1X2X3X4X596 



For = (2,1,1), the lowest hight vectors are as in the table above together with the 
following ones 



0* 


lowest weight vectors 


Vi" 


Xi'^94 + 2X1^X295 + Xi^X396 + XiX2X3^96 






Vi, 


Xi^X2^92 + Xi^X496 + Xi''x2^X3^93 + Xi''x2^X495 + 2X1^X2X393 + 2 Xi^X2X494 
+Xi^X2X696 + 2 Xi^X2^X3^X496 + Xi^X2^X3X696 + 2 Xi'^X2XzXidQ 


Vi2 


Xi^X2^Xidi + Xi^X2^X^d2 + 2 Xi^X2^X693 + Xi^X2X493 + 2 Xi^X4X596 + Xi'*X2^X3^X593 
+Xi'*X2^X3X493 + 2 Xi''x2^X4X595 + 2 Xi^X2X3X593 + Xi^X2X4X594 + Xi^X2X5X696 
+Xi^X2^X3^X4X596 + Xi'*X2^X3X5X696 + Xi'*X2X3X4X596 



Let us investigate if ^j(3; iV|3) has partial prolongs as subalgebras: 

(i) Denote by q'^ the 0o-Kiodule generated by VY- We have sdim(g']^) = 2|2. The CTS par- 
tial prolong (fl-jfloiS'i)* gives a graded Lie superalgebra with the property that — 
{Yi^hi} := aff. From the description of irreducible modules over solvable Lie superalge- 
bras |Ssol] ■ we see that the irreducible aff-modules are 1-dimensional. For irreducible aff- 
submodules q'_i in 0_i we have two possibilities: to take q'_i = {Y4} or q'_i = {I7}; for both 
of them, g'_i is purely odd and we can never get a simple Cartan prolong. 

(ii) Denote by g'( the go-module generated by V{'. We have sdim(g'/) = 2|2. The CTS 
partial prolong (0-,0o7 0i)* returns 05p(2|4). 

1.9. A description of !8j(2|4). We consider ^)g(2|3) with r = (1,0,0). In this case, 
sdim(g(2, 3)_) = 2|4. Since the g(2, 3)o-module action is not faithful, we consider the quo- 
tient algebra go = g(2, 3)o/ann(g_i) and embed (g(2,3)_,go) C t)cct(2|4). This realization 
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Qi 


the generators (even odd) 


0-1 


Ye = d2, Y8 = di 1 Yu = d^, Y^ = d^, Y^ = 85, Yi = 8^ 


00 - 
05p(3|2) 


Y^ = X2di + 2 X483 + xe^s , I9 = [Y2 , [Y3 , Y5]] , Z3 = X182 + 2 xsd^ + x^de , Zg = 

[Z2, [Z3, Z5]], H2 = [Z2, I2], ^3 = [^3, lis] 1 Y2 = Xidi + X5d2, I5 = [Y2, 13], 

Yy = [Ys, [Y2, Ys]], Z2 = X285 + 2x491, Z5 = [Z2, Z^iZj = [Z3, [Z2, Z3]] 



The 00-niodule g_i is irreducible, having one lowest weight vector Yu and one highest weight 
vector Yi. The CTS prolong (0-,So)* gives a Lie superalgebra of superdimension 13|14. 
Indeed, sdim(gi) = 4|4 and sdim(g2) = 1|0. The go-module gi has one lowest vector: 



Vi = 2 X1X293 + xixe8i + 2 X2^94 + x2X59i + 2 X2X692 + X4X593 + 2 X4X694 + xsxe^s 



The g2 is one-dimensional spanned by the following vector 



2 Xi^X29i + Xi'^Xi^d^ + 2 Xi^Xe^s + XiX2^92 + 2 XiX2X3(93 + X1X2X494 + 2 X1X2X595 + XiX2X696 
+XiX3X69i + 2X1X4X5^1 + X1X4X692 + 2X2^X3^4 + X2^X596 + X2X3X591 + 2X2X3X6^2 + X2XiX^82 
+X3X4X593 + 2X3X4X694 + X3X5X655 + 2X4X5X596 



Besides, if z > 2, then g^ = for all values of the sharing parameter = {Ni,N2). A 
direct computation gives [gi,gi] = g2 and [g-i,gi] = go- SuperLie tells us that this Lie 
superalgebra has three ideals Ii <Z I2 C I3 with the same non-positive part but different 
positive parts: sdim(/i) = 10|14, sdim(/2) = 11|14, sdim(/3) = 12|14. The ideal Ji is just 
our bj, see BjL[ ICEj . The partial CTS prolong with Ji returns Ji plus an outer derivation 
given by the vector above (of degree 2). It is clear now that ?Bj(2|4) is not simple. 

1.10. A description of Q3j(3|5). We consider ^)g(2|3) and r = (0,1,0). In this case, 
sdim(g(2, 3)_) = 3|5. Since the g(2, 3)o-module action is again not faithful, we consider 
the quotient module go = g(2, 3)o/onn(g_i) and embed (g(2,3)_,go) C t)ect(3; iV|5). This 
realization is given by the following table: 



9i 


the generators (even odd) 


0-2 


19 = 9i 1 yio = 93,lii = 92 


0-1 


Ys = 94, ^6 = 95 1 Y5 = 2x482 + 2x583 + 2xj8i + 87, Y2 = X483 -2xe8i + 83 

Y7 = X582 + 96 


0o-s[(l|2) 


Hi = [Zi,Yi],H3 = [Z3, Y3IY3 = 2 X382 + 2 X7X89i + X594 + 2 X796 + X897, 
Z3 = 2 X283 + 2 X6X79i + X495 + X697 + 2 X798 1 Y4 = [n, ^3], Z4 = [Zi, Z3], 
li = 2 (2 X183 + 2 XQX782 + X694 + X785) 

Zi = 2 {X381 + 2 X4X582 + 2 X5253 + 2 X5X781 + 2 X496 + 2^597) , 



The go- module g_i is irreducible, having one highest weight vector Y2. We have sdim(gi) 
6|4. The go-module gi has two lowest weight vectors given by 



VI' 



X1X582 + 2 X5X6X882 + X5X7X893 + 2 xi56 + 2 X384 + X5X754 -I- X5X895 + 2 X7XS87 
xeX7Xs82 + 2x184 + X7X895 



Now, the go-module generated by the the vectors V( and VI' is not the whole gi but a go- 
module that we denote by g'/, of sdim = 4|4. The CTS prolong (g_, go, gi)* is not simple, so 
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consider the Lie subsuperalgebra (S-,0o,0i)*j the superdimensions of its positive part are 



ad;»(s'/) 


0'/ 






ad^.(0'/) 


ad:.(0'/) 


sdim 


4|4 


4|4 


4|4 


3|2 


2|1 



The lowest weight vectors of the above components are precisely { Vg, Vg", V3, V4, V5} described 
bellow: 



ad*0i(0i) 


lowest weight vectors 


''2 


Ti fin -\- ^2 T-\ T-yf^A -\- ^2 Tc /9c; -1- Tt TaTo f)o -1- 2 Ti T'tTqC^o 

2 xi^(9i + xiX2d2 + xixsds + xiXqOq + xix^dj + xixg^s + 2 X2X7(94 + 2 X2Xsd^ 
+2 2:3X694 + 2 + X2X6X852 + 2 X2Xrxsd3 + xzXQXjd2 + x^xjx^dj 




Xi^di + 2xiX7X8(?5 + 2X1X6X7X8O2 


Va 


Xi^X3(?2 + 2 Xi^X554 + Xi^X7(?6 + 2 Xi^X897 + Xi^XjX^di + 2 X1X3X794 + 2 X1X3X895 

+X1X3X6X892 + 2X1X3X7X8193 + 2:1X5X7X8(95 + X1X5X6X7X8I92 




Xi^X2di + 2 Xi^X305 + 2 Xi^X6X796 + Xi^X6X807 + 2 Xi^X7X898 + 2 Xi^X6X7X89i 
+2X1X2X7X8^5 + 2X1X3X6X7^4 + 2X1X3X6X805 + 2X1X2X6X7X8^2 + 2X1X3X6X7X8193 



Since none of the known simple finite dimensional Lie superalgebra over (algebraically closed) 
fields of characteristic or > 3 has such a non-positive part in any Z-grading, it follows that 
?Bj(3;iV|5) is new. 

Let us investigate if 23j(3;iV|5) has subalgebras — partial prolongs. 

(i) Denote by gl^ the 0o-module generated by Vl- We have sdim(g'j^) = 2|3. The CTS 
partial prolong (fl-i, go, fl'i)* gives a graded Lie superalgebra with sdim(02) = 2|2 and 0^ = 
for i > 3. An easy computation shows that [0-i,0'i] = flo and [0'i,0'i] C Since we are 
investigating simple Lie superalgebra, we take the simple part of (fl-i, go, fli)*- This simple 
Lie superalgebra is isomorphic to g(2, 3)/c = bj. 

(ii) Denote by q'{ the go-module generated by ¥{' . We just saw that sdim(g'/) = 4|4. The 
CTS partial prolong (0-i,0o;0i)* gives also *Bj(3|5). 

r = (0,0,1). In this case, sdim(g(2, 3)_) = 4|5. Since the g(2, 3)o-module action is not 
faithful, we consider the quotient algebra go = g(2, 3)o/ann(g_i) and embed (g(2,3)_,go) C 
Dect(4;iV|5). The CTS prolong returns bj := g(2,3)/c. 

1.11. A description of 5!Jle(3; A/'|3). 1) Our first idea was to try to repeat the above 
construction with a suitable super version of g(2). There is only one simple super analog of 
g(2), namely ag(2), but our attempts |BjL| to construct a super analog of Melikyan algebra 



in the above way as Kuznetsov suggested |Kulj (reproduced in |GL4j ) resulted in something 
quite distinct from the Melikyan algebra: The Lie superalgebras we obtained, an exceptional 
one bj (cf. |CEt IBGLlj ) and a series Q3j, are indeed simple but do not resemble either g(2) 
or ajle. 

2) Our other idea is based on the following observation. The anti-symmetric form 



(3) 



{f,9)--= fdg 



fg'dt, 



on the quotient space F/const of functions (with compact support) modulo constants on the 
1-dimensional manifolds, has its counterpart in 1 1 1-dimensional case in presence of a contact 
structure and only in this case as follows from the description of invariant bilinear 
differential operators, see [KLVj . Indeed, the Lie superalgebra t(l|l) does not distinguish 
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between the space of volume forms (let its generator be denoted vol) and the quotient fl^/ Fa, 
where a = dt + 9d9 is the contact form. 

For any prime p therefore, on the space g_i := (9(l;iV|l)/ const of "functions (with com- 
pact support) in one even indeterminate u and one odd, modulo constants" , the superanti- 
symmetric bilinear form 

(4) if,g):= Jifdg mod Fa) = jifog'o-figi)dt, 

where / = fo{t) + fi{t)9 and g = go{t) + gi{t)6 and where ' := ^, is nondegenerate. 

Therefore, we may expect that, for p small and iV = 1, the Melikyan effect will reappear. 
Consider p = 5 as the most plausible. 

We should be careful with parities. The parity of vol is a matter of agreement, let it be 
even. Then the integral is an odd functional but the factorization modulo Fa makes the form 
(jll) even. (Setting p(vol) = 1 we make the integral an even functional and the factorization 
modulo Fa makes the form (jl]) even again.) 

Since the form (jl]) is even, we get the following realization of 

6(1; 1|1) C osp(5|4) ~ e(5; l,...,l |5) 

by generating functions of contact vector fields on the 5|5-dimensional superspace with the 
contact form, where the coefficients are found from the explicit values of 

di + "^{pidqi - q2dpi) + ^ {ijdrjj + fjjdi^ - 9d9. 

i 3 

The coordinates on this 5|5-dimensional superspace are hatted in order not to confuse them 
with generating functions of 6(1; 1|1): 



(5) 



0i 


basis elements 




i 


0-1 


Pi =t, P2= qi = t^, q2 = t^, 

ii = 0, 6 = t9, 9 = t^9, fj2 = t^9, fji = t^9 



We explicitly have: 

(t, t^) = J^t- t^dtN = j^^t^dtM = 4 = -(t^ t); 

= j^e ■ edtN = j^Qt^dtN = i = -(t',t'); 

(6) {t^9,9) = -J^t^.ldt^=-l = {9,t^9); 

if 9, t9) = -J^t^- tdtN = -4 = {t9, t^9)- 
{t^9, ^9) = - j^e. edtN = -6 = -1. 
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Now, let us realize 1|1) by contact fields in hatted functions: 
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(7) 



0i 


basis elements 


0-2 


i 


0-1 


Pi = P2 = ^^ q2 = 4:t^, qi = t^, 

4i = 0. (2 = to. = fe. = it'o. = t'o 


00 


1 = 2pr^2 + 2pi + 3 6r?2 + 3 6^'; t = 2^1 + ^hh + 4 ^iJyi + 2 6^2; 
e = 2Mi + 4:ql + 4: 6r/i + 07]2; ^ S giga + 4 ^r;i; = + ^2^^. 
6* = ]3ir72 + P2O + qi^i + q2^2] to = pi7]i + 2 P2112 + gi6 + 2 ^2^; 

^251 = p2?7i + qie + 2 q2ri2\ t^O = 4 qir]2 + 4 g2?7i; t^^' = qir]i 



The CTS prolong gives that 0i = 0. 

The case where p = 3 is more interesting because it will give us the series S!Jle(3; A^|3). 
The non-positive part is as follows: 



9i 


basis elements 


0-2 


i 


0-1 


Pi = t, q2 = t\ ii = 9, 9 = te, r/i = t^e 


00 


1=pI + 2^17/1; t = 2piqi + 2 ^1771; t^ = 2 qf + 2 Ofji, e^2pj + gi^; 
to = pi?7i + qiO; t^9 = gi?7i 



The Lie superalgebra go is not simple because = Qo\{t^6 = qifji}. Denote q'q := 

[0-1, 0i] — osp(l|2). The CTS partial prolong (q^^Qq)^ seems to be very interesting. First, 
our computation shows that the parameter M = {Mi, M2, M3) depends only on the first 
parameter (relative to t). Namely, M = (Mi, 1,1). For Mi = 1,2, the super dimensions of 
the positive components of Q3j(3;M|3) are given in the following table: 



M= (1,1,1) 


0'i 


0'2 


0^* 


04 


05 












sdim 


2|4 


4|2 


2|4 


3 2 


0|1 












M=(2,l,l) 


0'i 


0^ 


0:3 


04 


05 




014 


0i5 


0i6 


Q'n 


sdim 


2 4 


4 2 


24 


42 


24 




42 


24 


3 2 


1 



Here we have that [0_i, Qi\ = Qq and the q[ generates the positive part. The standard criteria 
for simphcity ensures that 9Jle(3; A^|3) is simple. For N — (1, a, 6), the lowest weight vectors 



are as follows: 
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3i 


lowest weight vectors 


^1 

V{' 




T/' 
^2 

T/" 
^2 


ZpiqiOrii + qi^ '^iVi + tqv ' + torn 

„ (2) _ (2) 1 „ (2)fl„ _L »i n f n -L 9/r (2)C _L +(2) 


T/' 
^3" 


2pi(2)gi(2)^i +2tpigir?i +2gi(2)^i6l77i +%(2)^^^(2)^^ 


vi 


2pi(2)gi(2)^,,i + 2tpiqiem + tq^^^Hm + t^^^qi^^^ + t^^^Ovi 







For N = (2, a, b), the lowest weight vectors are as above together with: 



0t 


lowest weight vectors 


VI' 






2tpi(2)gi (2)^1 +2f(2)pi«l??l +2%(2)^^^^^ +f(2)g^ (2)^ + ^(3)^^ 










2t(6)pi(2)gi(2)^, + 2t(7)p^gir?i + 2t(6)qi(2)^i0^i +f(7)5^(2)^^ + t(8)^^ 




2^(6)^^(2)^^ (2)^^^ +2t(''>piqi9r^l + (2)^7/1 + i(8)q,(2) + ^(8)0^^ 


V{'r 


2t(6)p,(2)g^(2)^^0^^ + 2t(8)pi(2),,l + 2i(8)pi5ie + i(8)g,(2)^^ + f^^^^^??! 



Let us investigate the subalgebras of 9Jle(3; A'"|3) — partial prolongs: 

(i) Denote by g[ the go-module generated by V(. We have sdim(g']^) = 0|1 and gi = for 
all i > 1. The CTS partial prolong (0-,0Oi0'i)* gives a graded Lie superalgebra with the 
property that ^ osp(l|2). The partial CTS prolong osp(l|2))^, is not simple 

(ii) Denote by g'/ the go-module generated by V{'. We have sdim(0'/) = 3|2. The CTS 
partial prolong (g_,0o,0i)* returns brj(2;3). 

1.12. A description of ?8rj(4|3). We have the following realization of the non-positive 
part inside t)ect(4|3): 



Si 


the generators (even | odd) 


0-4 


^8 = <9i 1 Yr = ds 


0-3 


Yf, = d2 1 


0-2 


^4 = 1 ir, = — .V(ii)i + 


S-1 


y3 = 2x291 +2 0:392 +94 1 

Y2 = 2:2195 + 2a;4(-^)a::79i + X4Xe,di + x^xrds + X4X7d2 + xed2 + 2a;496 + 2x793 + 19r, 


so ~ [)ci(0|2) e K 


Hi = [Zi,Yi], H2 = 2x5d5+X2d2 + 2x3d3 + 2x4di+X7dr, \ 
Yi = 2x3(2)95 + 2x3X69i +2x69i +2x396 + xjdi, 

Zl = X4^'^^de + 2x4(2^X69l + X4(2-'x792 + X4X793 + 2x4X6X795 + Xl95 + 2x49r + 2 X693 



The Lie superalgebra go is solvable, and hence the CTS prolong (0-,0o)* is NOT simple 
since Qi does not generate the positive part. Our calculation shows that the prolong does 
not depend on N, i.e., N — (1, 1, 1, 1). The simple part of this prolong is brj(2; 3). The sdim 
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of the positive parts are described as follows: 





01 


02 


03 


04 


05 


06 


07 


08 


09 


010 


sdim 


1|1 


2 2 


1|2 


2|2 


1 1 


2|2 


1|1 


1|1 


0|1 


lll 



and the lowest weight vectors are as follows: 



01 


lowest weight vectors 




2x2X^d^, + 2x2X691 + xzXA^d^ + 2x3X692 + xsxtOs + X4X794 + X3X4^^^X'rdi + 2x3X4X6(?i 
+2 X3X4X7a2 + 2 X3X6X795 + 2 X296 + 2 xsdr + 2x582 + 2x684 


vi 


X4^^^d4 + XlXsds + XlXe^l + X3X4(^'96 + 2 0:3X4 97 + 2X3X693 + 2X4X6^4 + 2x6X797 

-l-2TQTy1^^^ Tfi9l 4- TqX/I X'780 4- Tq T/l T'79q -4- 2 TQ T/l XrXtSk. 4- Ti 9« 4- 2 T6:9q 

2X2 '^^•'9i + a;3'^''93 + 2X2X392 + X3X494 + X3X595 + 2x3X797 + X5X69i + 2X6X794 + X294 + X596 


v-l 

V.i' 


2xiX29i + 2 X1X392 + X2X393 + 2 X2X494 + 2 X2X,r,95 + X2X696 + 2 X2X797 + 2 x-^xadr + X4Xsd(i 

+2X5X692 + X5X793 +X4(^)x5X79l + X3X4XQdQ + X3X4X797 + X3X6X793 +2x4X5X69l +2x4X5X792 
+2x4X6X794 + 2x5X6X795 + X3X4(^)x6X79l + 2x3X4X6X792 + Xl94 + 2X597 

2 xq ^^^9? + x-^^"^^ xaOr + 2 xq^^-' 9xr99 + x^^'^-' xjd-^ +2 xox-^^^^ dt=. + 2 xox-^da + 2 X9Xt=;9i + xox^Oa 

+2 X3X592 + 2 X3X694 + X3(^'x4(^)x79l + 2x3(^^X4X691 + 2x3(^^X4X792 + 2X3(^)X6X796 + 2x2X3X69l 

+X3X4X794 + X594 




2 X2 96 + 2 X2 X396 + 2 X2(2) X69l + 2 X3 X4(2) 96 + X3 X497 + X3 X693 + 2 X1X3 95 

+2 X1X396 + 2 XlX59l + X1X794 + 2 X2X397 + 2 X2X692 + 2 X2X694 + 2 X3X693 + X6X696 + X5X797 

+,7:3(^^.T4('^',T(i9i + 2 X3(-^'x4(-^)x792 + 2 X3('^^X4X793 + 2xiX3X(i9l + X2X3X496 + 2X2X3X692 
+X-2X3X793 + X2X4X794 + X3X4(-^)x794 + 2 X3X4X694 + X3 X4X6X795 + X2X3X4('^^X79l + 2 X2X3X4X69l 
+2 X2X3X4X792 + 2 X2X3X6X795 

XI (^^9l + X4(^^X696 + 2 X1X393 + X1X494 + X1X595 + 2X1X696 + XlXrdr + 2x4X587 + 2X5X693 
+2x4(^^X5X691 + X4(^)x5X792 + 2x4(^^X6X794 + 13X4(^^X696 + X3X4(^'x797 + 2 X3X4X697 

+X4X5X793 + X3X4('^)x6X792 + X3X4X6X793 + 2x4X5X6X795 




x^ To9fi 4- T1 XT 9? 4- Ti xk8o A- x^ xa8A 4- 2 xoxk8'^ 4- t=;tr9v 4- ti xox-^Sk 4-7;itoxr9i 4-2ti 9fi 
+X1X3X692 +2x1X3X793 +2x1X4X794 + X2X4(^)x794 + X2X3X4(^^96 + 2x2X3X497 + 2x2X3X^83 
+2X2X4X694 + 2x2X6X797 + 2X4X5X696 + 2x4X5X797 + 2x5X6X793 + 2x4(^^X5X5X791 
+2 XiX3X4(-^)x79l + X1X3X4XQ81 +X1X3X4X792 + X1X3X6X795 +2x2X3X4(^^X691 + X2X3X4(^)x792 

+X2X3X4X793 + 2X3X4X6X797 + X4X5X6X792 + 2X2X3X4X6X795 




Xl('^'96 + Xl(^-'x395 + Xl(^'x69l + 2x1X593 + X4(^''x5X696 + X4('^'x5X797 + XlX4(^'x794 
+XlX3X4(^)96 + 2x1X3X497 + 2X1X3X693 + 2X1X4X694 + 2X1X6X797 + 2X4X6X697 
+X4(^)x6X6X792 + 2 XlX3X4(^) X69l + XlX3X4(^) X792 + X1X3X4X793 + X3X4(^)x6X797 

+X4X5X6X793 + 2x1X3X4X6X795 

X2(^'X393 +2x2(^^X494 + 2x2(^^X595 +X2(^^X696 +2x2(^^X797 + 2X1X2 (^'9l +X1X3(^'93 
+X1X294 + X1X696 + 2 X2X697 +2X3(^^X4(^^X696 + 2x3(^'x4(^'x797 + X3(^'x4X697 +2X1X2X392 
+X1X3X484 + X1X3X596 + 2 X1X3X797 + XlX5X69l + 2X1X6X794 + 2X2X3X697 + X2X4X596 

+2X2X5X692 + X2X5X793 + X3X4(2)x596 + 2x3X4X597 + 2X3X5X693 + X5XQXJ87 

+2x3(^^X4(^^X6X792 +2x3(^^X4X6X793 + X2X4(^^X5X79i +X2X3X4X696 + X2X3X4X797 + X2X3X6X793 
+2x2X4X5X69l + 2x2X4X5X792 + 2x2X4X6X794 + 2x2X5X6X795 + 2x3X4(^)x5X69l + X3X4(^)x5X792 
+2x3X4(^^X6X794 + X3X4X5X793 + X2X3X4(^)x6X79l + 2x2X3X4X6X792 + 2x3X4X5X6X795 
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xi^^^l 84 + 2 xi^^^X28i + 2 3;i(-^'x3C*2 +2 xiX58r + xiX2X-s83 + 2a;ia;2a;494 + 2x1x2x585 + xiX2XtjdQ 

+2x1X2X787 + 2x\XZXq87 + XlX4X5d6 + 2xiX5Xed2 + X\X5X-l8z + 2x2XiS^^X58q + X2X4X5d7 

+£2x5x^83 + x\x/S^^X5X78i + xiX3X4,xe8e + xiX3X4,X78r + xix^xaxrd-.i + 2xiT4,X5X(i8i + 2a;ia;4a;5a;792 

+2 XiX4,XeX784, + 2 X\X5XQX785 + X2X4,^^^ X5Xe8l + 2 X2X4^'^^ X5X782 + X2X4^'^^X(iX784 + 2 X2X3X4^'^^ Xtide, 
+2 X2X3X4^'^^X787 + X2X3X4XQ87 + 2 X2X4X5X783 + X4X5XeX787 + XlX3X4^^^ XeX78i + 2 X1X3X4XQX782 

+2 a;2a:3a;4''^^^6a;792 + 2 j;2a;3a;4a;6a;793 + 3;2^4^5a;6a;795 

XiP^Xa^^'cJs + Xi^^^X38q + Xi^^^X58l + 2x1^^^X784 + 2x2^^^X583 + XlX2^^^86 + Xl^^^X3X68l 
+X2^^^ X4^'^^ X784 + X2''^^X3X4^'^'>d(j + 2x2^'^^X3X487 + 2 X2^^^ X3XQ83 + 2a;2('^'x4a;f5(54 + 2 X2^^^a;(iX797 
+xiX2^^^ X385 + xiX2^^^xe8i + xiX3^^^ X4^^^ 8e + 2x1x3^^^x487 + 2 xixs^'^^ xed3 + a;ia;2a:397 + 3;iX2a;592 
+X1X2X684 + xiajs^s^s + 2a;ia;5a;696 + 2a;ia;6a;79r + X2XBX687 + 2 X2^^^ X3X4^'^^ xe8i + X2^'^^ X3X4^'^^ X782 
+a;2''^^a;3a;4a;7f?3 + X3^'^^ X4^'^^ XQX7d7 + 2 xiX3^'^^ X4^'^^ xq8i + xiX3^'^^ X4^'^^ X782 + xiX3^'^^ X4X783 
+2 X1X2X3X48Q + X1X2X3XQ82 + 2x1x2x3x783 + 2 a;ia;2a;4a;7C?4 + 2 a;ia;3a;4(-^) 2:794 + 2:1x3x4X694 
+2 X2X-4Xr,X(i9(i + 2x2x4x5x797 + 2x2x5X6X793 + 2x3x4(^^x5X696 + 2x3x4(^^x5x797 + X3X4X5X697 
+2 X2'''^-'x3X4X6X795 + 2xiX3('^)x4X6X795 + 2 XiX2X3X4(^''x79l + XiX2X3X4X69l + X1X2X3X4X792 
+XlX2X3X6a;795 + 2X2X4 (^'xsXeXySl +2x2X3X4X6X797 + X2X4X5X6X792 + 2x3X4 (^)x6X6X792 + 

2X3X4X5X6X793 


n 


Xi(^)x2X395 +Xi(^)x2X69i + 2xi(^)x3X4(^)x79l + Xl('^'x3X4X69l + Xi(^'x3X6X795 +2x1X2X3X4(^^X691 
+2x1X2X3X4X6X795 + 2xiX4(-^)x5X6X79l + Xl(-^'x3X4X792 + Xl (-^^ X3X692 +Xl(-^)x592 
+XlX2X3X4(^)x792 + X1X4X5X6X792 + X2X4(^^X5X6X792 + Xl(^)x296 + 2xi(^)x3X496 + 2 Xl(^)x3X793 
+XlX2X3X4(^)96 + X1X2X3X4X793 + 2x1X2X3X593 + 2x1X2X593 + 2X1X4X5X696 + 2x4X5X6X793 

+X2X4(-^)x5X696 + X2X4X5X6X793 + Xi(-^)x397 + 2X1^^^X4X794 + Xi(^^X694 + 2x1X2X3X497 
+XiX2X4(^)x794 + 2X1X2X4X694 + 2x1X2X6X797 + 2x1X3X4X6X797 + 2x1X4X5X797 + X1X5X697 
+X2X3X4(^-'X6X797 + X2X4('^-'x5X797 + 2 X2X4X5X697 




Xl(2)a;2(2)9i +2x1(2^X3(^)93 +2xi(2)x294 + 2xi(2)x596 + Xl(2)x2X392 + 2xi(2)x3X494 
+2x1(2^X3X595 + Xl(2)x3X797 + 2xi(2)x5X69l + Xl(2)x6X794 + X2(^)x4(^'x596 + 2x2(^^X4X597 
+2 X2(^-'x5X693 + 2 XiX2('^-'x393 + XiX2('^-'x494 + XlX2('^)x595 + 2 XiX2('^''x696 + XiX2(^)x797 
+X1X2X597 + 2x2(^'x4(^-'x5X69l + X2(^-'x4(^)x5X792 + 2 X2(^' X4(^)x6X794 + X2(^'x3X4(^'x696 
+X2(^)x3X4(2)x797 + 2x2(^^X3X4X6^ + X2(^'x4X5X793 + XlX3(2)x4(2)x696 + XlX3(2)x4(2)x797 
+2xiX3(2)x4X697 + X1X2X3X697 + 2X1X2X4X596 + X1X2X5X692 + 2x1X2X5X793 + 2x1X3X4(2^X596 
+X1X3X4X597 + X1X3X5X693 + 2x1X5X6X797 + X2(2)x3X4(2)x6X792 + X2(2)x3X4X6X793 

+2x-2(2',T4X5X6X795 + Xi X3 (2) X4 (2) X6X792 + XiX3(2)x4X6X793 + 2 XiX2X4(2)x5X79l + 2X1X2X3X4X696 
+2 X1X2X3X4X797 + 2 X1X2X3X6X793 + XlX2X4X5X69l + X1X2X4X5X792 + X1X2X4X6X794 + X1X2X5X6X795 
+XlX3X4(^'x6X69l + 2x1X3X4(^^X5X792 + X1X3X4(^^X6X794 + 2X1X3X4X5X793 + 2 X2X4X5X6X797 
+2x3X4(^^X5X6X797 + 2x1X2X3X4(^^X6X791 + X1X2X3X4X6X792 + X1X3X4X5X6X795 
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1.13. A description of *8tj(3; JV|4). We have the following realization of the non-positive 
part inside oect(3; iV|4): 

(10^ 



Qi 


the generators (even | odd) 


9-3 


\Ye = d4 


9-2 


Y5 = du Yq = 82, Yr = 83 1 


9-1 


\Y2 = 2 xsdi + 85, Y3 = X284 + xe8i + de 

Y4 = 2 xi(?4 + 2 2:5X794 + x^di + X(id2 + 2 xy8s + 87 


flo^ i)ei(2|0)^K/72 


Hi = [Zi,Yi], H2 = 2 X181 + X383 + X484 + xede + 2 X787 

Yi = 2x5X^X784 + 2x182 + 2x283 + 2x5X6^1 + XQX783 + 2X58Q + 2X6£?7, 
Zi =2 X281 + 2 X3O2 + XqX78i + 2 X6£?5 + X7(?6 1 



The Lie superalgebra go is solvable with the property that [goiSo] = f)sK2|0). The CTS 
prolong (S-, So)* is NOT simple since Qi does not generate the positive part. Our calculation 
shows that the prolong does not depend on N, i.e., N — (1, 1, 1, 1). The simple part of this 
prolong is htj. The sdim of the positive parts are described as follows: 





01 


02 


03 


sdim 


0|3 


3 


2 



and the lowest weight vectors are 





2x1^'^^ 84 + 2 xix^x-jdi + xix^di + xixed2 + 2x1x783 + X4,dz + xidj + 2 x^xada + x^x-jdj 


n 


2 x\XidA + X2XzXQX-!di + 2x4x5x784 + 2xi^'^^di + xiX2d2 + X2^^^d3 + X2X5Xedi + 2x2Xexrd3 
+X4X5di +014X692 + 22:4x793 + 2x1x585 + xixede + X2xsd6 + X2XQ&r +X4dT + x^x^xyde 




xi ^^^X2d4 + xiX2Xr,x'Yd4 + 2 X4X5X(iX-jd4 + xi^'^^Xf,di + 2 xiX2Xr,di + 2 xi 0:2X692 + xiX2o:7<93 
+2x1X492 + 2 xix^XQX-jdi + 2x2x493 + 2 X4X5Xedi + X4X6X793 + xi'^'96 + 2 xiX297 

+X1X6X696 + 2X1X6X796 + X2X5X696 + 2X2X5X797 + 2X4X596 + 2X4X697 

Xl'^^X394 +X1X2'^^94 +X1X3X6X794 +X2'^^X5X794 + XlX2X69l +2xiX3X59l +2X1X3X692 

+X1X3X793 + 2 XlX49l + 2x2''^^X59l + 2 X2'^'^^X692 + X2^^'x793 + 2X2X492 + 2x2X5X6X79l 

+2x3x493 + 2 xi(^)95 + X1X296 + 2x1x397 + xixexrde + 2x2 ^^^97 + X2X5X695 + 2x2x5x796 

+X3X5X696 + 2 X3X5X797 + X4X595 + X4X696 + X4X797 



Let us study now the case where q'q = Oero(0-). Our calculation shows that q'q is generated 
by the vectors Yi, Zi, ifi, H2 above together with V — 2x381 + x-jd^. The Lie algebra q'q is 
solvable of sdim = 5|0. The CTS prolong (0-, 0o)* gives a Lie superalgebra that is not simple 
because g'^ does not generate the positive part. Its simple part is a new Lie superalgebra 
that we denote by ^9^, described as follows (here also A*" = (1, 1, 1): 





0'i 


ad0;(0'i) 


adj,(g;) 


adj.(0'i) 


adj,(g;) 


adj;(0'i) 


sdim 


6 


60 


5 


3|0 


3 


1|0 
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1.14. A description of *8tj(3; JV|3). We have the following realization of the non-positive 
part inside Dect(3; iV|3): 



(11) 





the generators (even odd) 


0-2 


Yj = di\Y5 = ^4, Ys = 


0-1 


Yi = 82, Ye = 2 X2di + ^3 F3 = X2d4 + x^d^ + 2 xqOi + de 


00 


H2 = [X2, Y2], Hi = xidi + + 2 X494 + 2 xe^e, X4 = X2], ^ = [I2, 12] | 
Y2 = x'^2^di + X2 x^d^ + 2x2 xedi + xid^ + X2dQ + a;4t?i + x^d^ 
X2 = xf^d^ + 2a;i94 + xs^e + x^di + 2x^82 



The Lie superalgebra go is isomorphic to osp(l|2) © K. The CTS prolong (0-,go)* is NOT 
simple since it gives back brj(2; 3) + an outer derivation. The sdim of the positive parts are 
described as follows: 





01 


02 


03 


sdim 


2 1 


1 2 


1 



and the lowest weight vectors are 





2 xi X2di + X2 Xidi + x-i Xids + 2x4 x^di + xjds + 2x2 x^ds + X2 x^dfi + Xide 




^i'^'t^s + xi x!^^d4 + x\ X2 xsds + 2xiX2 xqOi + xi X4d\ + 2x^2"^ iKg^'cJs + 2 Xj^-* x^di +2x4 x^d^ + xi X2d% 
+x\ x^dz + 2 x^^ xsde + x^^ XQd2 + X2 X3 xeds + X2 X4d2 +X2Xzd3 + 2 X4 xede 




x^^ X2d4 + x^^ xsd^ + 2 x^^ xsdi +2xiX2 x^^d^ + 2x\X2 xzd\ + X2 x^^ X4d\ +2x2x4 xzd4 + 2x3x4 x^d^ 
+X4 xc, xedi + x^^^dfi +2xiX2 xsSq + x\ X2 x^d2 + x\ xz x^ds + x\ X4d2 + x\ x^dz + 2x2 x^^'^ x&dz + 2x2Xz X4d2 
+2 X2 Xz x^dz + X2 X5 x^dg +2xzX4 xqBq + 2x4 x^d^ 



1.15. A description of Q5rj(3; iV|4). We have the following realization of the non-positive 
part inside t)ect(3;iV|4): 

(12^ 



Qi 


the generators (even | odd) 


0-3 


\Ys = d4 


0-2 


Y4 = di, Ye = d2, Yr = ds \ 


0-1 


Y2 = x^di + 2x5^1 + ^5, I3 = (96 + x^ x^d/i + X294 + x^d2 + 2 xqD^ 
Y^ = xidi + xs^s + 


goc^[)ti{2\0)^KH2 


Hi = [Zi,Yi], H2 = 2xidi + X292 + Xidi + x^d^ + 2x787 
Yi = xid2 + X2d3 + X5 xe^s + 2 x^d^ + 2 x^dj 

Zi = 2x5 xq X7di + 2 X2di + X2,d2 + X5 xqBi + 2xq xy^s + 2 x^d^ + xySg I 



The Lie superalgebra go is solvable with the property that [go-0o] = f)si(2|0). The CTS 
prolong (g_, go)* is NOT simple since gi docs not generate the positive part. Our calculation 
shows that the prolong does not depend on A^, i.e., N = (1, 1, 1, 1). The simple part of this 
prolong is ^)brj(2; 3). The sdim of the positive parts are described as follows: 





01 


02 


03 


sdim 


0|3 


3|0 


0|2 
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and the lowest weight vectors are 





2x1 X3d4 + a;^^-'94 + X2 X5 xqOa + xi x^di + X2 X5d2 + 2x2 xeds + 2x3 x^d-j. + X4,d3 + 2x\d5 + X2d& + 2 xzdj + 2x5 XTdr 




2x1 Xidi + x^^^d\ + 2xi X2d2 + 2a;^^-'93 + 2x2Xs x^ds +2x4x583 + 2xi x^d^ + xi x-rdr + X2 x^dg + X2 x^dr + 2x48^ 




xi x^^^ 84 + ax^^' X3d4 + 2x2x3 X5 ^694 + 2x^X3 x^di + 2x\ X4d\ + xSf^ x^di + 2x2 X3 X5d2 + X2 X3 xeds + 2x2 X4d2 
+2x2 X5 xg X7d3 + x'i^^ xsd3 + 2x3 ^483 + xi X395 + xi xg xtOq + 2x'^'' df, + 2x2 X3de +2x2x5 x^d^ + X2 X5 xjda 
+2x2 X6 xrdr + x':^ 87 + X3 X5 xjdr + X4 x^ds + X4 x^de + X4 xidj 



Let us study now the case where g'^ = dcto{g-). The Lie algebra Qq is solvable of sdim = 5|0. 
The CTS prolong (0_,gQ)=i, gives a Lie superalgebra that is not simple because q'^ does not 
generate the positive part. Its simple part is a new Lie superalgebra that we had denoted 
by 539^, described as follows (here also = (1, 1, 1): 





S'l 






adj^(0'i) 


ad:,(g;) 


adJi(0;) 


sdim 


0|6 


6|0 


0|5 


3|0 


0|3 


1|0 



1.16. Constructing Melikyan superalgebras. Denote by J-'i/2 ■= 0{1; l)\/dx the space 
of semi-densities (weighted densities of weight |). For p = 3, the CTS prolong of the triple 
(K, n(jFi/2), coect(l; 1))^. gives the whole N_\3). For p = 5, let us realize the non-positive 
part in e(l;iV|5): 



(13) 



Qi 


the generators 


0-2 


1 


0-1 


n(.Fi/2) 


00 


di < — > 4^i?72 + 66', xidi i — > 2^ir/i +^2^72, x[ ^di < — > 2^2m + Ser]2, x[^di < — > lOrji 
x^i^di i — > 2?72??i, t 



The CTS prolong gives that 0j=O for alH > 0. 

Consider now the case of (K, n(jFi/2), ct)ect(2; 1))^,, where p = 3. The non-positive part is 
realized in 6(l;iV|9) as follows: 

(14^ 



0i 


the generators 


0-2 


1 


0-1 


^i^l/2) 


00 


di < — > 2^7/3 + X2O + 2^7/4, xidi < — > ^ir]i + ^7/2 + 2^47/4, xjdi < — > ^7/1 + ^7/3 + 6'7?2, 

d2 < — ' 2 ^7/2 + C2U + ^30, ^282 < — > Cim + ^sm + Umi xld2 < — > S,2m + 0r]3 + 2 7/47/2, 

XiX2di < > C2m + XiX2d2 < > 6m +26%, xfx2<9l < > 6*7/1 + 27/37/2, 

x\x2d2 < — > iiTji, xix^di < — > 27/47/1, a;iX292 < — > 6*7/1 + V3V2, x\x\di < — > 7/37/1, 

x\x\d2 < > 7/27/1, t 



The CTS prolong (fl-, 0o)* gives a Lie superalgebra that is not simple with the property that 
sdim(gi) = 0|4 and Qi = for all i > 1. The generating functions of Qi are 



^2V2Vi + 2 ^sViVi + Uv^Vi + HiV2, 2 UVsVi + GV2'nu HiVi + V'iV2Vu V3'n2Vi- 

1.17. Defining relations of the positive parts of brj(2;3) and brj(2;5). For the 

presentations of the Lie superalgebras with Cartan matrix, see |GLll IBGLl] . The only non- 
trivial part of these relations are analogs of the Serre relations (both the straightforward 
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ones and the ones different in shape). Here they are: 

brj(2;3) ; sdim brj(2;3) = 10|8. 

1) [[xi, X2] , [xa, [xi, X2]]] = 0, 

[[X2, X2] , [[Xi, X2] , [X2, X2]]] = 0. 

2) ad^^(xi) = 0, 

[[xi, X2] , [[xi, X2] , [xi, X2]]] = 0, 

[[X2, [Xi, X2]] , [[Xi, X2] , [X2, [Xi, X2]]]] = 0. 

3) ad^^(x2) = 0, 

[X2, [Xi, [Xi,X2]]] - [[Xi,X2], [Xi,X2]\ = 0, 

[[xi,X2], [a;2,X2]] = 0. 
brj(2;5) ; sdim brj(2;5) = 10|12. 

1) [[X2, [Xi, X2]] , [X2, [Xi, X2]]] = 2 [[Xi, X2] , [[Xi, X2] , [X2, X2]]], 
[[X2, X2] , [[Xi, X2] , [X2, 0:2]]] = 0, 
[[0:2, [Xi, X2]] , [[Xi, X2] , [X2, [Xi, X2]]]] = 0. 

2 )ad^^(xi) = 0, 

[[X2, [Xi, X2]] , [X2, [X2, [Xi, X2]]]] = 0, 

[[[Xi, X2] , [Xi, X2]] , [[Xi, X2] , [X2, [Xi, X2]]]] = 0. 
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